A magnetic vortex and an antivortex can annihilate, resulting in a homogeneous magnetization. A detailed description of the magnetization dynamics of such annihilation processes is obtained by micromagnetic simulations based on the Landau-Lifshitz-Gilbert equation. We show that, depending on the relative polarization of the vortex-antivortex pair, the annihilation process is either a continuous transformation of the magnetic structure or it involves the propagation of a micromagnetic singularity (Bloch point) causing a burstlike emission of spin waves. These results provide new insight into a fundamental micromagnetic process that has recently been proposed for a controlled generation of spin waves. DOI: 10.1103/PhysRevLett.97.177202 PACS numbers: 75.40.Gb, 75.40.Mg, 75.75.+a Magnetic vortices in ferromagnets are regions of typically just a few nanometers size, with a core around which the magnetization circulates. Up to a few years ago, such magnetic vortices were considered mainly as a topological detail of magnetic flux-closure patterns [1] . It was found that vortices inevitably occur in singly connected samples with magnetic flux-closure patterns and that they may be located, e.g., at the junctions of magnetic domains [2] . In the wake of the recent dramatic progress in nanomagnetism, static and dynamic properties of submicrometer-sized particles have been extensively studied, and the tiny magnetic vortices and particularly their dynamic properties have moved into the focus of interest [3] [4] [5] [6] [7] The counterpart of a magnetic vortex is a magnetic structure with similar properties, known as an antivortex. Both vortex and antivortex have a magnetic core which is magnetized perpendicular to the plane. A vortex and an antivortex can annihilate when they meet [8, 9] . Besides the fact that the annihilation is connected with an emission of spin waves [10] , not much is known about the magnetization dynamics of a vortex-antivortex annihilation process. We have studied the annihilation of a vortex and an antivortex with finite-element micromagnetic simulations based on the Landau-Lifshitz-Gilbert equation. These simulations yield a detailed description of this previously unexplored fundamental magnetization process. The results reveal the process to strongly depend on the relative orientation of the core magnetization of both the vortex and the antivortex. Particularly, if the vortex and antivortex cores are antiparallel to each other, the annihilation process involves the propagation of a Bloch point, which causes a burstlike dissipation of exchange energy (''exchange explosion'') via spin waves. Considering the proposed use of magnetic vortices in data storage and magnetologic approaches [5, 11, 12] , a good control of the dynamic behavior will be mandatory. Understanding the annihilation dynamics of vortices and antivortices is, therefore, an important step towards a precise description of the complicated dynamic magnetization processes involving the temporary formation of vortices.
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The similarities and differences between a vortex and an antivortex are shown schematically in Fig. 1 . Along the path of a closed loop around the core of a vortex or an antivortex, the in-plane magnetization direction rotates by 360
. The two structures can be distinguished by the winding number W H =2dS, i.e., the normalized line integral on a closed loop S over the angle that the magnetizationM encloses with the x axis. The value of the winding number is 1 in the case of a vortex and ÿ1 for an antivortex. Unless a vortex enters through the boundary of the sample, the winding number of a thin-film element is a topological invariant [13] . Hence, magnetic vortices and antivortices can only be created or annihilated pairwise and never individually. The perpendicular orientation ofM in the vortex and antivortex cores is due to the ferromagnetic exchange interaction. A full in-plane magnetization would lead to a singularity of the exchange energy density, which is avoided ifM turns out of the plane. The orientation of the magnetization in the core is often called the polarization. Unlike the vortex structure, which develops naturally, e.g., in soft-magnetic nanodisks [14] , an isolated antivortex is not stable. Antivortices can occur in cross-tie domain wall structures [15, 16] , where they are enclosed by two vortices with the same sense of rotation.
We have simulated the annihilation of an antivortex and a vortex in a cross-tie domain wall structure in a square Permalloy thin-film element (exchange A 13 pJ=m, saturation magnetization M s 795 kA=m, Gilbert damping constant 0:01) of 100 nm 100 nm size and 10 nm thickness. A Permalloy platelet of this size is too small to permanently sustain a cross-tie structure. If such a magnetic structure is imposed as an initial magnetic configuration, it decays into a symmetric vortex state. This domain structure conversion can occur only via a vortexantivortex annihilation process. At zero field, the conversion into a vortex state occurs within 200 ps. The simulations were performed with the micromagnetic finiteelement code based on the Landau-Lifshitz-Gilbert equation already used in previous studies [17] . The finite element mesh consisted of about 200 000 tetrahedral elements of almost equal size. The largest distance between neighboring discretization points was 1.3 nm.
The results show that the annihilation process is relatively simple if the vortices are polarized parallel to the polarization of the antivortex. In this case, the cores of the vortices approach each other on spiralling orbits and meet in the center. During this approach, the in-plane magnetization between the antivortex and the vortex continuously rotates out of plane, thereby dissolving the complicated initial magnetization structure. Because of this continuous transition, it is difficult to identify at which point in time the vortex-antivortex annihilation occurs. The usual representation of magnetic domain structures in thin-film elements consists in displaying one magnetization component with a color code or a gray scale. This corresponds to what would be observable, e.g., in a Kerr microscopy image of a larger sample. Such a representation of m y is shown in Figs. 2(a)-2(e). In Figs. 2(a) and 2(b), the approximate position of the vortices and the antivortex is indicated with circles and with a cross, respectively. A much more precise localization of the vortices and the antivortex can be obtained using isosurfaces [18] : The cores of the vortex and the antivortex are the only points in the sample where the z component of the magnetization reaches 100%. In other words, both the x and y components are zero at the vortex cores. Therefore, the cores are located where the isosurfaces m x 0 and m y 0 intersect. In Figs. 2(f)-2(j), the cores are encircled by cylindrical isosurfaces displaying the regions where m z 90%. Using this representation with isosurfaces, the spiralling motion of the vortices around the center of the sample during the relaxation can be seen very clearly. As the vortices approach the antivortex, after about 90 ps [19] the three m z 90% isosurfaces merge into one single ribbon that surrounds the intersection of the m x 0 and m y 0 surfaces [ Fig. 2(i) ]. Both vortices and the antivortex are involved in this process. The annihilation of the antivortex is a smooth, continuous rearrangement of the magnetization [20] . As can be seen in Fig. 4 , the energy of the system decreases continuously during the process. The actual annihilation process, where the antivortex meets the vortices, does not appear as a welldefined event.
The situation is very different in the case of opposite polarization of the antivortex with respect to the polarization of the neighboring vortices. The initial configuration is again a cross-tie structure as displayed in Figs. 2(a) and 2(f), but now the polarization of the antivortex is negative, while the polarization of the vortices is positive. Using the representation with isosurfaces as described before, the dynamics of this annihilation process is shown in Fig. 3 . The blue cylinder around the antivortex is the isosurface of m z ÿ90%, and the red cylinders around the vortex cores are isosurfaces of m z 90%. The highly symmetric cross-tie structure represents an unstable equilibrium as a starting point, where the antivortex can move either to the left or to the right. To prevent this ambiguity, the path of the annihilation is determined uniquely by introducing a small break of symmetry in the initial configuration: The position of the antivortex core is shifted by about 2 nm to the left of the center.
Similar to the previous case, the vortex cores move in the plane on curved orbits around the center. At the same time, the antivortex further approaches the vortex on the left. As the distance between the vortex and the antivortex with opposite polarization is reduced, the cores of the vortex and . In (a) -(e), the y component of the magnetization is shown with a color code going from blue ( ÿ 100%) over green (0%) to red (100%). In the bottom row, the same magnetic structures are displayed with an isosurface representation. The meaning of the isosurfaces is described in more detail in the text. the antivortex become much sharper. This can be seen in Figs. 3(g) and 3(h), which show that the diameter of the cylindrical m z 90% isosurface is reduced to about 2 nm, i.e., less than half of the size compared to the vortex on the right. Note that in Fig. 3(h) the distance between the vortex and the antivortex has reduced to about 4 nm. The occurrence of such strongly inhomogeneous magnetic structures on length scales considerably below the exchange length [21, 22] 
is quite surprising. Usually, the exchange length is considered to be the smallest relevant length scale in structurally homogeneous ferromagnetic materials. However, there are exceptional cases where large deviations of the magnetization can occur in a ferromagnet even on atomic distances [23] . The approach of the vortex and the antivortex proceeds until their cores meet in one point, leading to a dramatic and sudden annihilation process. The annihilation is accomplished by a micromagnetic singularity [23] (Bloch point) that propagates vertically through the sample. The propagating Bloch point (BP) dissolves simultaneously both the vortex and the antivortex structure. In the continuum theory of micromagnetism, a BP can be defined as a region inside a ferromagnet, where the magnetization collapses to zero [24] . On a shell that encloses the BP, any magnetization direction can be found [23] . In some cases, a BP is therefore similar to a magnetic hedgehog structure. In the micromagnetic simulations, the magnetization is calculated on discretization points, each of which has a well-defined magnetization direction. A BP in the simulations is therefore always located between the discretization points. It has been shown that BPs can be described reliably with micromagnetic simulations, provided that the grid size is fine enough [25, 26] . Since the magnetization in the vicinity of a BP is maximally inhomogeneous, it is often difficult to determine the precise position of a BP in the simulations. In a similar way as the intersection of the m x 0 and the m y 0 isosurfaces has proven to be very helpful to locate the cores of (anti)vortices, the isosurfaces can greatly help to identify and locate a BP. In Figs. 3(f)-3(j) , the m z 0 isosurface is displayed in addition to the m x 0 and m y 0 ribbons. A singularity occurs when these three isosurfaces intersect at one point: There, and only there, jMj is equal to zero inside the sample. In Fig. 3(i) , the intersection of the cyan colored m x 0, the green m y 0, and the yellow m z 0 ribbon marks the point where the magnetization locally vanishes. With this isosurface representation, we could clearly determine that the BP enters from the bottom surface [27] and runs through the layer within only 2 -3 ps, which corresponds to a BP velocity between 300 and 500 ms ÿ1 . Compared to the typical speed of BPs driven by external fields, this value is unusually high. Because of their vanishing net magnetization, the mobility of BPs is typically very low [24, 26] . Here the low BP mobility is compensated by the fact that the BP is driven by the strong exchange field, with typical values on the order of 100 T, resulting in a high BP speed.
The spontaneous formation of a BP is an astonishing, previously unreported phenomenon in magnetism. A Bloch point is a region where the exchange energy density   FIG. 4 (color online) . Temporal evolution of the system's energy during the annihilation processes. In the case of antiparallel polarization, the formation of the BP initiates a rapid decay of the energy. In contrast to this, the energy decreases continuously during the annihilation process with parallel polarization .   FIG. 3 (color) . Dynamics of a vortex-antivortex annihilation process with opposite polarization. In (a)-(e), a visualization with isosurfaces has been used, as done previously in the bottom row in Fig. 2 diverges. Nevertheless, the total energy of the sample remains finite [23] . Such a singularity is a highly energetic structure that usually requires a strong external driving force for its formation. While it is relatively well known that BPs can be injected by means of a strong external field [25, 26, 28, 29] , most experts would probably agree that the activation-free formation of a BP is a counterintuitive result.
As can be seen in Fig. 4 , the total energy of the sample hardly decreases until the BP is formed. Then, suddenly, the energy starts decaying exponentially. After the BP has left the sample on the top surface, the vortex-antivortex structure is completely dissolved and a large amount of exchange energy is released. This energy is immediately converted into spin waves, which can be seen as wave fronts being emitted from the pointlike region where the BP was formed. In a movie of this simulated annihilation process [30] , the dynamics of the spin wave emission is particularly well visible. In this animated visualization, it can be seen that the emission of spin waves appears so suddenly and so strongly that it, in fact, resembles an explosion.
In conclusion, high-resolution micromagnetic simulations have been used to unveil the complicated magnetization dynamics of vortex-antivortex annihilation processes. When the polarization of the antivortex is opposite to the vortex polarization, the topology of the magnetization field is quite intriguing. In that case, the annihilation is mediated by a propagating BP. The details of the annihilation process occur on very small length scales of just a few nanometers. The rapid propagation and expulsion of a spontaneously formed BP has been identified as the source for spin waves formed in the annihilation process [10] . Besides the fundamental interest of this study, the simulations provide detailed insight into crucial aspects of the vortex core dynamics, which may be relevant for possible applications of these micromagnetic structures in magnetic data storage.
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